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Abstract 

We study different algebraic and geometric properties of Heisenberg invariant Poisson polynomial quadratic 
algebras. We show that these algebras are unimodular. The elliptic Sklyanin-Odesskii-Feigin Poisson algebras 
qn,k{£) are the main important example. We classify all quadratic _ff-invariant Poisson tensors on C" with 
n < 6 and show that for n < 5 they coincide with the elliptic Sklyanin-Odesskii-Feigin Poisson algebras or 
with their certain degenerations. 

Introduction 

The elliptic or Sklyanin algebras are one of the most studied and important examples of so-called algebras 
with quadratic relations. This class of algebras possesses many wonderful and useful properties. It is well- 
known (see, for example [S] or |23) ) that they can be defined as a quotient T{V)/{R) of the tensor algebra 
T{V) of an n— dimensional vector space V over a space R of quadratic relations. (In practice V is identified 
with sections of a degree n vector bundle over a fixed elliptic curve £. It explains also the name "Elliptic 
algebras"). These class of Noetherian graded associative algebras are Koszul, Cohen- Macaulay and have the 
Hilbert function like a polynomial ring with n variables. The first n = 4 examples of such algebras were 
discovered by E. Sklyanin within his studies of integrable discrete and continuous Landau-Lifshitz models 
by the Quantum Inverse Scattering Method |29l I30j . These algebras are intensively studied |i71 1311 [551 134) . 
Almost in the same time the elliptic algebras with 3 generators were discovered and studied by M. Artin, J. 
Tate, T. Stafford and their students and collaborators among which we should mention M. Van den Bergh 
whose income to studies of the Sklyanin elliptic algebras is very important [HH]. 

The systematic studies of the Sklyanin elliptic algebras with any Gelfand-Kirillov dimension n > 3 based 
upon some deformation quantization approach were proposed by B. Feigin and A. Odesskii in their preprints 
and papers of 1980-90th. Here we will quote some of them which are relevant to our aims (see the review 
paper [23] and full list of the references there). 

In this paper we will focus on the important invariance property of the Sklyanin elliptic algebras. Let 
us remind that if we have an n— dimensional vector space V and fixed a base vq, . . . ,Vn-i of V then the 
Heisenberg group of level n m the Schrddinger representation is the subgroup H„ C GL{V) generated by the 
operators 

a : Vi ^ Ui-i; T : Vi — )> ei{vi); (si)" — 1;0 < i < n — 1. 
This group has order and is a central extension 

1 ^ Un -> /f„ -5> Z„ X Z„ -s. 1, 

where U„ is the group of n— th roots of unity. 

The property to be Heisenberg invariant is quite often in quantum and classical integrable systems. Probably 
the first important manifestation of it was detected by A. Belavin 3 . He has shown that the hidden symmetry 
of 1 dimensional integrable models (which is usually expressed by some Yang-Baxter equation) is contained 
in the Heisenberg invariance. 

The Heisenberg group action provides the automorphisms of the Sklyanin algebra which are compatible with 
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the grading and defines also an action on the "quasi-classical" limit of the Sklyanin algebras - the elliptic 
quadratic Poisson structures on P"~^. They are identified with Poisson structures on some moduli spaces of 
the degree n and rank k + 1 vector bundles with parabolic structure (= the flag C -F C C*''''^ on the elliptic 
curve £). We will denote these elliptic Poisson algebras by qn^k{£)- The algebras q„^k{£) arise in the Feigin- 
Odesskii "deformational" approach and form a subclass of polynomial Poisson structures. We want to show 
in this paper that the extension of the Heisenberg group action to more wide family of polynomial Poisson 
structures guarantees also some good and useful features and among them: the unimodularity property 
and the triviality of the modular class. This notion was introduced by A. Weinstein (who studied it with 
his collaborators in [12]) and, independently in the holomorphic context, by Brylinsky and Zuckerman [4]. 
The modular class is the element of the 1-st Poisson cohomology group HP^{M) of a Poisson manifold M. 
The "Basic Theorem of Mechanics" says that this group is isomorphic to the quotient Can[M) / Ham{M), 
where Can{M) C T{TM) (resp. Ham{M) C Can{M)) denote the space of Poisson (resp. Hamiltonian) 
vector fields on M. Recently, the importance of the unimodularity property was recognized by Dolgushev 
[5]. He has shown that for an affine Poisson variety with trivial canonical bundle the unimodularity of the 
Poisson structure is equivalent to the fact that the deformational quantization Ah of the function algebra A 
on this variety is isomorphic to the dualizing Van den Bergh module of Ah entering in the Van den Bergh 
duality between Hochschild homology and Hochschild cohomology of Ah (the isomorphism is in the sense of 
bimodules). One of the aims of the paper is to continue of studies of the polynomial Poisson algebras which 
were started in |20) and, in particular, to give some classification of low-dimensional Heisenberg-invariant 
quadratic polynomial Poisson tensors. Our results complete the computations of A. Odesskii for n = 5 
(unpublished) and shed some light on the geometry behind the elliptic Poisson algebras §5,1 (f) and §5, 2(f). 
These algebras are 77 — >■ limits of the Sklyanin algebras Qz^\[£;ri) and Q5^2(£','ri), which were described 
in the famous "Kiev preprint" of B. Feigin and A. Odesskii |8j. They have shown in particular that the 
algebra Qs,,i[£;rj) embeds as a subalgebra into the algebra (55,2 (f;??) and vice versa. We will show in the 
subsequent paper [24] that these embedding homomorphisms are the "quantum analogs" of the quadro- 
cubic Cremona transformations of P** 28J and will check that they are Poisson birational morphisms which 
presumably correspond to compositions of Polishchuk birational mappings between moduli spaces of triples 
Mod[E\; E2; f) of vector bundles and their morphisms on an elliptic curve 26]. 

Our paper is written with double aims: to present some easy but maybe unknown (to the best of our 
knowledge) fact about polynomial Heisenberg invariant Poisson structures e.g. unimodularity, and, on the 
other hand, to give a classification of quadratic structures in small dimensions to complete the results of 

m- 

The paper organizes as follows: The Section 1 covers some known facts about polynomial quadratic and 
elliptic (Poisson) algebras. In Section 2 we remind a definition of the Heisenberg group in the Schroedinger 
representation and describe its action on Poisson polynomial tensors. The unimodularity of Heisenberg 
invariant quadratic Poisson structures is a subject of the Section 3. We close this section with a short 
observation about the Calabi-Yau property of the deformation quantization of Heisenberg-invariant Poisson 
polynomial structures. Section 4 is devoted to a classification of Heisenberg-invariant quadratic Poisson 
structures up to d = 6. We obtain in this way three type of solutions of the classification problem for d = 5 
and we will show in the subsequent paper |24| that these solutions are exhausted by two Sklyanin-Odesskii- 
Feigin elliptic algebras plus skew-polynomials (among them the 12 degenerations of the Sklyanin-Odesskii- 
Feigin algebras which correspond to pentagonal degenerations of the underlying family of elliptic curves in 
"cuspidal points"). Conclusions and some possible directions of future work are presented in Section 5. 

1 Preliminary facts 

In this section, K is & field of characteristic zero. 



1.1 Poisson algebras and Poisson manifold 

Let 7?. be a commutative T^-algebra. 7?. is a Poisson algebra if 7?. is a Lie algebra such that the bracket is a 
biderivation. In other words, 7?. is a Poisson algebra if TZ is endowed with a iC'-bilinear map {■,■}: TZxTZ — !• 
TZ which satisfies the following properties: 

{a, be} = {a, b}c + b{a, c} (The Leibniz rule); 

{a,fe} = — {fe, a} (antisymmetry); 

{a, {b, c}} 4- {b, {c, a}} + {c, {a, b}} = (The Jacobi identity), 
where a,b,c £ TZ. 

One can also say that TZ is endowed with a Poisson structure and that the bracket {•, •} is called the Poisson 
bracket on TZ. An element a £TZ such that {a, 6} = for all b £TZ is called a Casimir. 

A manifold M (smooth, algebraic,...) is said to be a Poisson manifold if its functions algebra A (C°°(M), 
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regular,...) is endowed with a Poisson bracket. 

Let us consider some specific examples of Poisson algebras interesting for our aims. Let 

qi = ^(^0 + ^2) + kxiX'i, 

(72 = ^(^1 + ^3) + ^2^0X2, 
be two elements of C[xo, X\,X2, xz\ where fc G C. 

We have a Poisson structure tt on or, more generally, on C[xo,xi,X2,x-i\ by the formula: 

^, df Adg A dqi A £^172 

' dxo A dxi A dx2 A dxs 

Then the brackets between the coordinate functions are defined by (mod 4): 

{Xi,Xi+l} = k^XiXi+i - Xi+2Xi+3, 

{xi,Xi+2} = k{x^+3 - xf+i), i = 1, 2, 3, 4. 

This algebra will be denoted by q4{£) and called the Sklyanin Poisson algebra, where £ represents an elliptic 
curve, which parameterizes the algebra (via k). 

We can also think of this curve £ as a geometric interpretation of the couple gi = 0, g2 = embedded in 
CP^ (as was observed in Sklyanin's initial paper). 

A possible generalization can be obtained considering n ~ 2 polynomials Qi in K" with coordinates Xi, 
i = 0, ...,n — 1, we can define, for any polynomial A G K[xo, ...,Xn~i\, a bilinear differential operation : 

{■, ■} : K[xo, 8 K[xq, a;„_i] — > K[xo, ...,Xn-i\ 

by the formula 

, , df Adg AdQi A ... AdQ„-2 r ^ t 1 

= 5 — 1 T —5 , f,g e K[xo,...,Xr,-l]. (1) 

dxo A dx\ A ... A dxn-i 

This operation gives a Poisson algebra structure on K[xo, Xn-i]. The polynomials Qi, i = 1, n — 2 are 
Casimir functions for the brackets ([T]) and any Poisson structure on K", with n — 2 generic Casimirs Qi, 
is written in this form. Every Poisson structure of this form is called a Jacobian Poisson structure (JPS) 
[I3[TS] for A = 1. 

The case n = 4 in ((T} corresponds to the classical generalized Sklyanin quadratic Poisson algebra. In the 
next subsection we present a different generalization to every dimension of the Sklyanin algebras which is 
the starting point of our paper. 

1.2 Elliptic Poisson algebras qn{£,r]) and qn,ki£,v) 

These algebras, defined by Odesskii and Feigin, arise as quasi-classical limits of elliptic associative algebras 
Q„{£,v) and Q„A£,V) 

Let r — Z + tZ C C, be an integral lattice generated by 1 and r G C, with Imr > 0. Consider the elliptic 
curve £ — C/r and a point ri on this curve. 

In their article [19| . given k < n, mutually prime, Odesskii and Feigin construct an algebra, called elliptic, 
Qn,k{£ ,ri), as an algebra defined by n generators {xi,i G Z/nZ} and the following relations 

ESj-i + r(k-l){0) n ■ -L ■ ■ ■ ^ 'Tl I 'T! (n\ 



rez 

where Oa are theta functions |19| . 
We have the following properties : 

1. The center of the algebra Q„^k{£, rf), for generic £ and r), is the algebra of polynomial of m = pgcd(n, k + 
1) variables of degree n/m; 

2. Qn,k[£,Q) ~ C[a;i, • ■ • ,Xn] is commutative; 

3. Qn,n-i{£ ,rj) = C[a;i, ■ • ■ ,x„] is commutative for all rj; 

4. Qn,k{£,'n) - Qn,k'i£,v), if kk' = 1 (mod n); 

5. the maps Xi 1—^ Xi+i et Xi i-> e^Xi, where e" = 1, define automorphisms of the algebra Qn.k{£ 

6. the algebras Qn,k{£,'rf) are deformations of polynomial algebras. The associated Poisson structure is 
denoted by q„A£,ri); 

7. among the algebras qn,k{£,ri), only q-i{£,ri) and the Sklyanin algebra q4,{£,ri) are Jacobian Poisson 
structures. 

The explicit form of g„,fc is not known in generic dimension. 
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2 The H-invariance 



In the previous section we have introduced one of the most important classes of Poisson algebras related to 

an elliptic curve. Wc want now to change the point of view and to concentrate our study on a particular 

geometric property of the Poisson bivector related to qn,k- As we have reminded in the previous section the 

discrete Heisenberg group naturally acting on the elliptic curve £ induces a class of automorphisms on the 

elliptic algebra associated which leaves invariant the algebra structure. 

Let y be a complex vector space of dimension n and eo, • • • , e^-i a basis of V. 

Let us consider a, r of GL{V) defined by: 

o"(em) = em-1, 

/ \ m 



2-Ki 



where e = e~ . The subspace Hn C GL{V) generated by cr and r is called the Heisenberg group of 
dimension n. 

From now on we suppose that V = C", with basis and we consider its algebras of 

regular functions C[a;o 

a and r act by automorphisms on the algebra C[xo , Xlf * • * , iCn— 1] ^-S follows : 

a ■ [aXg^Xj^'^ ■ ■ ■ x^Zi ) = axg" a;]^° • • • a;„" j ; 

T • (a<°a;r • • • a"!!!') = e"'+^"^+-+^''-'^""-'ax^°x'^' ■ ■ ■ x^Ti' ■ 

Then the r degree of a monomial M = ax'^"x'^^ ■ ■ ■ a;""^^ is by definition ai+2a2 + - • • + (« — 1)q,i_i G Z/nl,. 
The T degree of M is denoted T-deg{M). A r degree of a polynomial is the highest T-degree of its monomials. 

Definition 2.1. A Poisson bracket {■,■} on TZ — C[a;o,a;i, • • • ,a;n-i] is said to he H-invariant for the 
variables xo, ■ ■ ■ , Xn-i if the automorphisms a and r are Poisson morphisms. 
In other words, the following diagrams commute: 



{■■■} 



7^■ 



{-,} {•,•} 
TZ — 

i.e., a ■ {xi, Xj} = {a ■ Xi,a ■ Xj} and t ■ {xi, Xj} = {t ■ Xi,T ■ Xj}, for all i,j. 

A matrix Pij which defines an H-invariant Poisson tensor must satisfy four properties: antisymmetry, 
Jacobi identities, and a and t invariance. 

• a invariance 
The condition 

{crxi, axj} = Pij{axo, axi (tx„-2, crxn-i) (3) 

implies 

Pi+i j+\{xo,xi . . . ,a;„_2,a;„_i) = Pij{xi,X2 ■ ■ .,Xn-i,xo). (4) 

• T invariance 
The condition 

{rXi,TXj} = Pij{TXo,TXl . . . ,rXn-2,TXn-l) (5) 

implies 

e"-^^ Pij(xQ,xi . . . ,x„-2,x„-i) = Pij{xo,exi . . . ,e""^a;„_i). (6) 

The T invariance is, in some sense, a "discrete" homogeneity and its intersection with the cr invariance 
is small. If we restrict to polynomial Poisson tensors, then the previous two conditions can be satisfied 

only by sum of monomials of order 2 + sn, s > 0. Actually the structure of the element Pij is given by 
aij5n-i-i,o + bxi+j+^^ CkXkXi+j-k + J2k,i dkXkXiXi+j-k-i + . . . by the t invariance. The a invariance 
imposes that Pi+i j+i = OijSn-i-jfi+bxi+j+i+J^k CkXk+iXi+j-k+i+^k,i dkXk+iXi+iXi+j-k-i+i+. ■ ■ , 
and thus Oij = for all i, j. 
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antisymmetry 

From the a invariance it is obvious that the matrix associated with the Poisson tensor has only 
n-1 independent entries modulo cyclic pernmtations of the co-ordinates. However the antisymme- 
try imposes P„o(a;o, . . • , a;„-i) — —Pan{'J:»,---,Xn-i) and the a invariance P„o(xo, a;i, . . . , x„_i) = 
Poi{xn-i,xo, ■ ■ ■ ,Xn-2)- The intersection of the two conditions reduce the number of free functions to 
[n/2]. In the case of even dimensions, the antisymmetry imposes a further restriction on the function 
Po n/2 = -Pn/2 which has to satisfy P„/2 o(a;o, ■ ■ ■ ,a;n-i) = Pq n/2(a;„/2, ■ ■ ■ ,a;3„/2-i) by a invari- 
ance. 

Resuming the properties of the i/-invariant Poisson tensor we obtain that they have the following form: 



i ° 


P? 




pO 

n-1 
2 


-pT. 

2 






-p? 




-Pi 


Pi 


-Pi 


P? 




Pl^ 






-Pi-. 

2 

n + 1 

P^^i 

2 


-Pi-, 

2 












pn-3 


pr' 

\ 










pn— 3 
^1 




_pn-l 


and 














( ° 


P? 




Pl-. 

2 


2 






-p? 




-Pi 


Pl 



-Pl 


Pi 



Pi-. 

2 






-P°n-2 

2 














-P°n 

2 


-Pi-. 

2 












pn-3 








-P^ -P| 2 

2 -5- 




_pn-3 




pn-2 
-'^1 



-PI 
P7l 



^1 



_p„-l \ 



for n odd 



Prt 

2 

T 

Pl 







for n even, 



I 



where = Pi(a;o, a;i, . . . , x„-i), = Pi(xfc, xi+fe, . . . , a;„-i+fe) and Piixu) are functions such that 
Pi(t^xy,) = ePi(xu). 

• Jacobi relations 

The complete study of the Jacobi relations could allow us a complete classification of _ff-invariant 

Poisson tensors. The task is long in general and wc concentrate our study on the quadratic Poisson 
tensors. The (results of the) computations arc the subject of the Section 4, for small dimensions. 

Example 2.1. The S'klyamn-Odesskii-Feigin Poisson algebras q„,fc(f ) are H -invariant Poisson algebras. 

Proposition 2.1. //{•, •} is an H-invariant polynomial Poisson bracket, the usual polynomial degree of the 
monomial of {xi,Xj} has the form 2 + sn, s € N. 

Proof. Since the //-action does not change the usual degree of a polynomial, we will do the proof just for a 
homogeneous case. Let {•, •} be a non trivial //-invariant homogeneous Poisson of usual polynomial degree 
N. Then {xi,Xj} have the form: 



{Xi,Xj} — ^ ^ 



O^fcl ,fc;^^^ — 1 '^fel ' ' ' Xk ^ _\Xi-\-j — k^- 



(7) 
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We have: 

a-{xi,Xj}= ^ aki,--,kN-iXki+i---Xkff_i+iXi+j-ki fcw-i+i- (8) 

fci,--- ,fejv-i 

Since a ■ {xi, Xj} = {xi+i,Xj+i}, T-deg{{xi+i, Xj+i}) = i + j + 2 = i+ j + N. Hence N = 2 + sn, s e N. □ 

Remark 2.1. We want to stress that there are non quadratic Heisenberg invariant polynomial Poisson 
structures. The simplest example is given by Hs invariant Jacobi Poisson structure given by the Casimir 

C = ^X0^Xl^X2^- (9) 

3 The unimodularity and H-invariant Poisson tensors 
3.1 Unimodular Poisson structures 

Let TZ = K[xo, ■ ■ ■ ,Xn-i] be the polynomial algebra with n variables. 

We recall that the 7?.-module of Kahler differentials of TZ is denoted by il^{TZ) and the graded 7?.-module 
iy{TZ) := /\''Q,^{TZ) is the module of all Kahler p-differential. As a vector space (resp. as an 7?.-module) 
Q^{TZ) is generated by elements of the form FdF\ A ... A dFp (resp. of the form dFi A ... A dFp) where 
F,Fien,i = 1, ...,p. We denote by 0•(7^) = ®peN^''(T^), with the convention that f2°(7^) = TZ, the space 
of all Kahler differentials. 

The differential d : TZ — > Q} {TZ) extends to a graded /sT-linear map 

d:n'{TZ) -^Q'+'^iTZ) 

by setting : 

d^GdFi A ... A dFp) := dG A dFi A ... A dFp 

for G, Fi, Fp G TZ, where p £N. It is called the de Rham differential. It is a graded derivation, of degree 
1, of (n•(7^), A), such that d'^ = 0. 

A skew-symmetric fe-linear map P G RomK{A'^TZ,TZ) is called a skew-symmetric fe-derivation of TZ with 
values in TZ if it is a derivation in each of its arguments. 

The 7?.- module of skew-symmetric A;-derivation is denoted by X''{TZ). We define the graded 7?.- module 

X'{TZ) ■- ^X''{TZ) 

ken 

whose elements are called skew-symmetric multi-derivations. By convention, the first term in this sum, X^, 
is TZ, and X''{TZ) := {0} for A; < 0. 

One can observe that if {■, ■} is a Poisson structure on algebra TZ, then {•, •} G X^{TZ). 

We consider now the affiue space of dimension n, K" and its algebra of regular functions TZ — K[xq, Xn-i]- 
We denote by Sp^q the set of all {p, q)— shuffies, that is permutations a of the set {0, ■■■,p + g — 1} such that 
cr(0) < ... < cr(p- 1) and a{p) < ... <a{p + q- l),p,q G N. 
The family of maps -k : X''{A) — > ^""'=(.4), defined by : 

(0), Xa(k-l))dXa(k) A ... A dXa(n-l) 

are isomorphisms. 

Let D, be the map : D, := -k~^ o d o * : X'{TZ) — y X'~^{TZ), where d is the de Rham differential. 

Let us remain that the Poisson coboundary operator associated with a Poisson algebra {A, {■,■}) and denoted 

by 6 : X*{A) — > X'+\A), is given by: 

5''{Q){Fo,Fi,...,Fk)= {-iy{Fi,Q{Fo,Fi,...,Fi,...,Fk)} 

0<i<k 

+ E {-l)'^'Q{{Fi,Fj},Fo,...,Fi,...,Fj,...,Fk) 

0<i<j<k 

where Fo,...,Fk e A, and Q G X''{A). 

One can check, by a direct computation, that 5*° is well-defined and that it is a coboundary operator, 

jfe+i o jfc = 0. 

The cohomology of this complex is called the Poisson cohomology associated with {A, tt) and denoted by 
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PH'{A,7v). 

Let n a Poisson structure on C[a;o, • • • , Xn-i] 



0<i,j<n-l ^ 

Then 

*W = E E (^l)'"''5i,a{«)^j,aO){a;*'a;j}da;a(2) A ... A 

0<i,j<n— la^ES2.n — 2 

= ^ {—iy^^^^{xi,Xj}dxo A ... A dxi A ... A dxj A ... A dxn-i. 

0<i,j<n-l 



Therefore 



Then 



d(*(7r)) = V y^(-l)'+J-i ^^^''^^^ dxi Adxo A ... Adxi A ... Adxj A ... Adxn- 

^ — ' -"^ — ' OXi 

0<i,j<n-ll^O 

^ y (-i)' ^i^" ''i^ dxo A ... Adi^A ... A dx^-i- 

OXi 

E^iy ^i^ElllAdxo A ... Adxu A ... A dx„_i. 
^x^ 

0<i,j<n-l 

d{xi,Xj} d sr^ d{xi,Xj} d 



dxi dxi ^ dxi dxi 

0<i,j<n-l ■' 0<i,j<n-l ■' 

^2 d{xi,xj} d 

^ dxi dxi' 

0<i,j<n-l ■' 

Proposition 3.1. ]37j Let tt be a Poisson tensor. D2{tv) is a Poisson cocycle: S^{D2{i^)) ~ 0. 

The modular class of a Poisson tensor tt on 7?. is the class of D2{n) in the first Poisson cohomological 
group PH^{TZ,tt), associated to tt. A Poisson tensor is said to be unimodular if its modular class is trivial 

Ezl. 

From [15| and |16| we know that all JPS are unimodular. Therefore _ff-invariant Poisson structure in 
dimension 3 and 4 are unimodular. What happens in higher dimension? 

3.2 The unimodularity and H-invariant Poisson structures 

Let n a Poisson structure on C[xo, ■ ■ ■ ,x„-i]. 

Er -,9 d 

0<i,j<n-l ■' 

Proposition 3.2. A Poisson structure n = {•, •} is unimodular if 

n-l , 



sp d{xk,Xi} ^ Q 
^ dxi 



for all k = - ■ ■ ,n — 1. 

Lemma 3.1. Let P £ A = K[xo, ■ ■ ■ , x^^i]. 
For all i {0, ■ ■ ■ ,n — 1}, 

dF _ d{a ■ F) 



a ■ 



dxi d{o ■ Xi) 

Proof. Consider the monomial M — ax'^^x'^^ ■ ■ ■ x"^\^ x'^'- x"^^ ■ ■ ■ a;"" j^. We have: 

= axQ " • • • x^_i x^ 



-^n— 1 



Then: 

= -(if) 



□ 
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Proposition 3.3. A H -invariant Poisson structure vr = {■, •} is unimodular if 



n-l 



1—0 

Proof. This is direct consequence of the lemma (|3.ip . □ 
Theorem 3.1. Every H -invariant quadratic Poisson structure is unimodular. 

Proof. We will give the proof in the odd case. The proof for the even case is done in a similar way with the 
remark that ^ — 0. 

ax n 

Now, we suppose that n is odd. As it is mentioned in the previous proposition (|3.3|l , we just have to prove 
that ^ ' — — = 0. Using the cr-invariance and antisymmetric condition, we have: 

1=0 

n-l 



E d{xo,Xi} _ / d{X0,Xi} _ ri-i , d{xo,Xi} 

dx, ^ ^\ dxi " dxo 
i— 1 ^ 



1=0 



Since {xq, Xi} — "^^plxiXi-i, the term of this sum with Xi is {pl-,-\-pl)xoXi and the term xq is also {p},-\~pl)xoXi. 
Hence: 

C'lXo, XiJ / i , i\ 

= {Po+Pi)xo 



dxi 
d{xo,Xi} 



= (Po +p1)x,. 



dxo 

Therefore s%li£il _ cr""^ . (9i£(h£ii) = q, for all i = 1, ■, ^ and we obtain the result. □ 

oxi ^ axQ ' ' ' ' 2 

Remark 3.1. One can note that in our proof , we just have used the antisymmetry and the H -mvariance, but 
not the Jacobi identity. Then every quadratic element Q € X^{A) which is H-mvariant satisfies D2{Q) = 0. 

Corollary 3.1. The Poisson algebras q„^k{£) are unimodular. 



3.3 i/-invariant Poisson structure and Calabi-Yau algebras 

First let us remind the notion of Calabi-Yau (CY) algebras. These algebras plays the role of noncommutative 
analogues of coordinate rings of CY manifolds. 

Definition 3.1. An algebra A is said to be a Calabi-Yau algebra of dimension d if it is homologically 
smooth and 

HH^iA,A^A) = [ ^ ;/ (12) 

There are many "polynomial-like" algebras have been proved to be Calabi-Yau. Among them there are 
the polynomial rings C[xi, . . . , Xn], the coordinate ring C[X] where X is an affine smooth variety with trivial 

canonical bundle, the Weyl algebra A„ = C[x, d], where x = {xi, . . . , a;„), d = ^gf^, • . • , gf- j , etc. . 

It is well known that the Sklyanin algebras Q3,i{£,r]) and (34,1(^,77) are CY algebras since they are Kozsul 

algebras and their dual algebras are Frobenius algebras [311 136| . 

Recently, Dolgushev proved 5i some relation between CY algebras and the notion of unimodularity. Let X 
be a smooth affine variety over C with a trivial canonical class and with a Poisson structure tti on its algebra 
of smooth functions. Following M. Kontsevich |17j . there is a bijection between the set of equivalence classes 
of star-products [★h] of tti and the set of equivalence classes [tth] of Poisson tensors 

TVh ^0 + TTl/l H h TTnh" H 

on the commutative C[[/i]]-algebra j4[[/i]]. 

Dolgushev proved |5| that is a CY algebra if and only if tt^ is unimodular Poisson structure. 

It is obvious to observe that the canonical quantization (those which the star-product equivalence class 
corresponds to the equivalence class of a Poisson tensor tth — + irih) is a CY algebra if tti is unimodular 
Poisson structure. 

Corollary 3.2. Every canonical quantization of H -invariant quadratic Poisson structure is a CY algebra. 

In particular, every canonical quantization of an elliptic Sklyanin-Odesskii-Feigin Poisson algebra is a 
CY algebra. 
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4 Classification of the H-invariant quadratic Poisson tensors 
until the dimension 6 



The generic entry of an //-invariant quadratic antisymmetric matrix is 

n-l 

Pij = "^PijXlXi+j-l, (13) 

with the condition plj + p^^ = plUj+j^ + pl+lj+j^. 

We impose the Jacobi condition on the coefficients in lower dimensional cases. 



dimension 3 

The first nontrivial case is n = 3 when the generic structure of an //-invariant antisymmetric matrix is 

P? ~P? \ 
-Pf Pi (14) 
P? ~Pl / 

where P° = AiXqXi + A2x\. For every couple of coefficients Ai,A2 the previous matrix respect the Jacobi 
identities and they correspond exactly to the 534 Poisson tensor related to the classical counterpart of the 
Qs^i Artin-Schelter -Tate algebras. It is worst to remark that the solutions with Ai — 1,A2 = and 
Ai = 0, A2 = 1 correspond to the degenerations of the underlying elliptic curve. The corresponding Poisson 
algebras are usually called "skew-polynomial" (A.Odesskii) 



dimension 4 

In dimension four, the matrix (O have the form: 



/ 





p? 


Pi 


-p? \ 




"Pi" 





Pi 


Pi 




Pi 


~Pl 





Pi 


V 


p? 


Pi 


-p? 


/ 



(15) 



where Pf = A1X0X1+A2X2X3 and Pi = B\xoX2+ B2x\-\- B'ix\. We see that in the even case the antisymmetry 
impose that Pi = — PI and P2 = —Pi corresponding to the conditions 

B1X0X2 + B2xl + B-ixl = ~BiX2Xo - B2xl — B^xl 

and 

B1X1X3 + B2xl + Bsxi = —B1X3X1 — B2X2 — Baxl 
implying Pi = 0, B = -B2 = P3. Therefore Pi = B{-xl + xl). 

The Jacobi identities imply A1A2 = B^. In this case also the obtained Poisson tensors are the 54,1 elliptic 
Poisson algebras with the normalization Ai — l,A2 = k^,B — k. 



dimension 5 



It is clear that Odesskii-Feigin Poisson algebras should verify the //-invariance condition. We observe in 
the previous subsections that the //-invariance quadratic Poisson structure coincides with Odesskii-Feigin 
algebras in dimension 3 and 4 or with their degenerations. We will show in this subsection that for the 
dimension 5, apart of two elliptic Poisson structures, there exist also a cluster of skew-polynomial algebras 
and among them there 12 //-invariant Poisson quadratic structures, which aris for some degeneration of the 
base curve in so-called "cuspidal points". But, of course, these "additional" structures do not extend the 
class of //-invariant quadratic Poisson algebras. 

We will describe this degenerations in details in the paper |24| . 

The generic form of an antisymmetric //-invariant quadratic matrix is: 






p? 


Pi 


-Pi 


-Pt 


-p? 





Pi 


Pi 


-Pi 


-Pi 


-Pi 





Pi 


Pi 


Pi 


-Pi 


-Pi 





Pi 


Pt 


Pi 


-Pi 


-Pi 






4 



(16) 
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where 

Pi = AiXkXi+k + A2X2+kXA+k + A^xl^^ 

and 



^2 = BiXkX2+k + B2X3+kX4+k + B3 



The constants Ai and Bi should be determined by the Jacobi identities. For a 5d tensor we have in 
general 10 independent equations from Jacobi, however the _ff-invariance reduce only to 2 independent, i.e. 

PoidiPi2 + cyc{i,j,k) = and X^jgg^, PoidiPis + cyc{i,j,k) — 0. These PDE's can be reduced to 
conditions on the coefficients of cubic polynomial in Xi which are equivalent to the system of quadratic 
equations. 



B2'^ + S A1A3 + B1A3 + A2B3 =0 
2 A3^ - 2 A2B1 ~ A1A2 + B2B3 =0 
-Ai'^ ~3BiB3+AiB3 + B2A3 =0 
-2 B3'^ - 2 B2A1 + B1B2 - A2A3 =0 
First of all the Poisson algebras ^5,1 and §5,2 are solutions of this system with coefficients 



for 95,1 and 



Bi = -iA" B2=2 B3 = \ 



Ai^i\' + ^ A2^X A3 



Bi = -^\'^ + ^ 52 = -yr B3 = l 



(17) 



(18) 



(19) 



for 95,2- In the forthcoming paper |24| we will study carefully this couple of Poisson tensors and we will 
show that they are related by a birational homomorphism. 

Apart of this two strata there is a cluster of solutions of skew-polynomial type which we can obtain via 
direct computation using the algebraic manipulator Maple. It is not interesting, in our opinion, to write 
down explicitly all the classes but we analyze some interesting cases. 
1. An interesting solution is the linear solution 



(20) 



Ai = -f + l A2 = X A,,- 2 



Bi = 4 + 1 B2 = -2 B3 = -A + i 

This Poisson structure does not generates any integrable system because the Casimir of the structure 
is independent on A. 

2. We can extend the parameter A £ C* and consider it like a point in : A = (p : g). The points 
A parametrises the base elliptic curve considering like a schematic intersection of five Klein quadrics 
in P'' ([H]). Consider the cases when p = l,g = and p — 0,q — 1. The corresponding skew 
polynomial Poisson brackets are associated with two pentagonal configurations in P* (degenerations of 
the schematic intersections of Klein quadrics). 

3. There are also 10 similar "cuspidal" points in P^ (they are solutions of the equation A^O + llA''' — 1 = 0.) 

Explicit form of q5.k=i.2 

The explicit formulas for Sklyanin-Odesskii-Feigin Poisson brackets with n = 5 can be extracted from [8] 
and [20]: 

For the tensor §5,1 the corresponding Poisson brackets are 



3,2, 1 \ Xi+4Xi+2 , Xi+3 



{xi, a;i+i|5,i = A + — XiXi+i - 2 h 



2 



5 5A3y A A2 

2 



{Xi, Xi+2}5,1 = ^ ~ ^'+2^* 2Xi+3Xi+4, - Xxi+i 



(21) 



where i £ Z5. 

For the tensor §5^2 the bracket are 



{yi, j/i+i}5,2 = + yiyi+^ + ^^Vi+^v 



i+2 



A 



{y^, yi+2}5,2 = ( -- A + ^ I yi+2yi ^ s^^+i 



(22) 



^During an interesting discussion with Prof. Odesskii, we learned that he independently obtained the same result, but it is still 
unpublished. 
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where i G Z5. 

In 5d the Poisson structure admits always only one Casimir. 
explicitly: 



The _ff-invariance allows us to write it 



+C4 
+C3 
+C2 
+Ci 

+coa;o2;ia;2a;3X4 



X1X3 + Xi''^XoX2 + X2^XiX4 + X3^X2X4 + X4^XoX3) 

X2X4 + xi^X3X4 + X2^xox4 + a;3^a;ia;o + X4^X2Xi) 



[Xo 

(xo' 

22, 22, 22, 22, '2 2 

xoxi X4 + x\X3 Xo + a;2a;3 x\ + a;3a;2 X4 + X4X0 X3 
22, 22, 22, 22, 22 
X0X2 X4 + X\X3 X4 + a;2a;4 so + X3X1 xq + a:;4a;2 xi 



(23) 



where 



C5 



IA3B: 



303 C4 



A1A3 



C3 



Cl 



= |^2^3 



\B1B2 Co = ^1 



-B4B3 
-Bl^ 



C2 



\A\A2 — iB2B3 



2^-'i^i2 

AiBi - A2B2 



(24) 



and the constants and Bi satisfy (|17p . 

The _ff-invariance implies also the following interesting property 



P^JPkl+Pk^PJl+P,kP^l 



52A1 + B3' 9A'5 
A2A3 - B1B2 ^a::™ 



(25) 



where {i,j, k, I, m) is a cyclic permutation of (0, 1, 2, 3, 4). 

We could interpret this relation as a system of 5 quadric for 6 Pij entries for a fixed polynomial K5. We see, 
therefore, that contrarily to what happens in dimensions 3 and 4, that the Casimir do not encodes all the 
information necessary to the reconstruction of the Poisson tensor. This is related to the fact that the 5d is 
the smallest dimension for what the elliptic Poisson tensors are not of Jacobi type (see |20|). 

Remark 4.1. The relation (25j) in 5 dimensions is a generalization to H -invariant Poisson algebras of an 
analogue of the formula present in 120^ for qn,k- In this paper the authors consider this relation m their 
Theorem 3. 1 stating that for any Poisson algebra of dimension d with regular structure of symplectic leaves 
the following relation holds: 

A'^7r = *-'(A,^i..jdgO. (26) 

Here n is the Poisson structure and {Qi}i=i...i are the Casimir functions. This theorem could be useful for 
proving, in more geometric way, the unimodularity of the structures. Actually the formula S26\) implies 
that o do-k ^A~2~7r^ — Q. 



dimension 6 

The generic form of an antisymmetric _ff-invariant quadratic matrix is 






p? 


Pi 


Pi 


-Pi 


-Pi 


\ 


-p? 





Pi 


Pi 


Pi 


-Pi 


-PS 


-Pi 





Pi 


Pi 


Pi 




Pi 


-Pi 


-p? 





Pi 


Pi 




Pi 


Pi 


-Pi 


-pf 





Pt 




P! 


Pi 


Pi 


-Pi 


-Pt 





J 



(27) 



where 

Pi = AlXkXl+k + A2X2+kX5+k + A3X3+kX4+k 

P2 = BiXkX2+k + B2X3+kX5+k + -BaaJi+fc + B4xl+^. 

P3 — ClXkX3+k + C2X4+kX5+k + C3X2+kXl+k. 

Because we are analyzing an even dimensional case the antisymmetry impose some constraint on P* . From 
(|27p we see that we have to impose P3 = —P^^'^ equivalent to Ci = and C = C3 = — C2. Therefore 

P3* = C{x2+kXl+k - X4+kX5+k). 
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The cubic Jacobi relations are equivalent to the quadric relations on the coefficients 



Ba' + CA2 - Az^ 
CB2 2B3B4 — A2B3 
A2A1 - £4^3 + B1A2 - B2B3 
CB4 - ~ A1A3 

CB3 + B2B1 + A1B2 
-2 Bg^ + 2 CAi - CBi - B4A2 
—B2B4 — AgBs 
-A2^ - 2 CBi - 2 B4A2 - CA3 + CAi 
-C^ - 2 B^A2 + 2 54^3 - 2 B2-B3 - ^2^3 + 

B1A2 - B4A3 - B4A1 
B2B4 — 2BzBi + j4i_B3 — A2B2 

















(28) 



The system (|28|l admits many classes of solutions which can be computed using an algebraic manipulator 
(Maple in our case) similarly to 5 dimensional case. The algebra ge,! is obviously one of the solutions. 
Another interesting solution is obtained remarking that the He Heisenberg group contains two copies of H3. 
This implies that a particular solution of the system (|28p is given by the direct sum of two copies of the 53,1 
Poisson algebra. This solution is C = Ai = A2 = j43 = ,62 = -B3 = and Bi, B4 free coefficients. In this 
case the Poisson algebra is a direct sum of a copy of g3.i in the variables xq, X2,X4 and a copy of 53,1 in the 
variables xi,xz,X5. 

A. Odesskii (private communication) has conjectured that all the solutions of the system (|28p . except 
the previous examples, are some skew-polynomial degenerations of g6,i(£'). 

Remark 4.2. The case of d — 6 generators is related to some integrable systems. In ]21^ authors had 
constructed a simple model of a (quantum) elliptic integrable system vn Q2k,i{£),k > 2. They had conjectured 
that this system is a quantization of the classical integrable system which arises via the Magri-Lenard scheme 
from the bi-Hamiltonian structure on q2k,i{£) described in J^&j. Roughly speaking, the integrable system has 
as the phase space a 2k dimensional component of the moduli space of parabolic rank two bundles on the given 
elliptic curve £, or, more precisely, the coordinate ring of the open dense part of the latter has a structure of 
a quadratic Poisson algebra isomorphic to q2k,i{£)- The quantum commuting elements from the construction 
of f21j are the same as the latter obtained from the Lenard-Magri scheme for k — 3. The algebra qQ^i{£) is 
the first non-trivial case when this conjecture was verified by a direct computation. It would be interesting to 
find if there are some degenerations ( defined on the solutions of ) of this integrable system and to clarify 
their intrinsic meaning. Remind that the elliptic integrable system related to q6^i{£) was interpreted in J21}/ 
as a Beauville-Mukai system on the (desingularized) part of the symmetric product {Cone{£))^^\ 



In this paper we study the structure of the _H"-invariant polynomial Poisson tensors mainly in the quadratic 
case, and we classify them until the order 6. We show that our construction generalize the Odesskii-Feigin 
Poisson tensors q„^k and that all the //-invariant quadratic bi-vectors are unimodular. 

It is interesting to concentrate our attention and future research to the 5d case. There many different 
reasons to be interested in this particular case: 

• It is the first case when there are two different Poisson tensors generated by the Odesskii-Feigin con- 



• The family of quadrics in which defines the underlying normal elliptic curve is only a local complete 



• The bi-Hamiltonian properties of 95,2(5) are still obscure while the algebra 55,1 (£) is in fact tri- 
Hamiltonian as it was shown by A. Odesskii in |22) : 

• We are still do not know how to relate to these algebras (as well as to all other odd-dimensional algebras 
for n > 3) an integrable system. 

• The projective geometry associated with with n = 5 (together with the case n = 7) cases will give 
probably good ideas and hints how to treat the general algebras with any prime number p of generators. 

We will display in the future paper |24| a particular (classical quadro-cubic) Cremona transformations 
in P'* between two different elliptic Sklyanin-Odesskii-Feigin Poisson structures with 5 generators. 
We will give a strong evidence for the existence of a similar Cremona description for morphisms between 
elliptic Sklyanin and Poisson algebras q-j^k{£), fc = 1, 2,3 based on the results of [13| 



5 Conclusions 



st ruction; 



intersections; 
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We are going to study the structure and the properties of the integrable systems related to elliptic Poisson 
structures. It could be interesting to extend the algebraic construction of integrable systems on C^*" for fc > 3 
introduced in [21j to odd-dimensional case and to relate it to the bi-Hamiltonian construction of |22) . Next 
we would like to understand the geometrical meaning of unimodularity for the integrable flows related to 
the elliptic bi-Hamiltonian Poisson structures. 
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